We study U(1) and U(2) instanton solutions on noncommutative R 4 constructed by the noncommutative version of ADHM equation proposed by Nekrasov and Schwarz. It is pointed out that the explicit calculation of instanton number in the Hilbert space of the noncommutative R 4 turns out to be non-integer depending on the moduli of instanton. It suggests that the instanton number in noncommutative gauge theory may not be quantized. We discuss some possible origins on the perplexing result.
Introduction
Recently it has been known [1, 2, 3] that quantum field theory on noncommutative space can arise naturally as a decoupled limit of open string dynamics on D-branes in the background of NS-NS B field. In particular, it was shown in [1, 2] that noncommutative geometry can be successfully applied to the compactification of M(atrix) theory [4, 5] in a certain background and the low energy effective theory for D-branes in the B N S field background, which are specifically described by a gauge theory on noncommutative space [3] .
In their paper [6] , Nekrasov and Schwarz showed that instanton solutions in noncommmutative Yang-Mills theory can be obtained by Atiyah-Drinfeld-Hitchin-Manin (ADHM) equation [7] defined on noncommutative R 4 which is equivalent to adding a Fayet-Iliopolous term to the ADHM equation [8] . The remarkable fact is that the deformation of the ADHM equation has an effect removing the singularity of the instanton moduli space [9, 10, 11, 12] .
In this report, we study U(1) and U(2) instanton solutions on noncommutative R 4 constructed by the noncommutative version of ADHM equation proposed by Nekrasov and Schwarz.
Here we report a perplexing puzzle that the explicit calculation on instanton number k in the Hilbert space of the noncommutative R 4 turns out to be non-integer but rather depending on the moduli of instanton such as size and position except some cases. It suggests that the instanton number in noncommutative gauge theory or the number characterizing topological property of its field configuration is not quantized for general solutions, although we can obtain integer instanton number in the cases of U(1), k = 1 and small instanton limit of U(2), k = 1.
Recently as advertised in [13] , noncommutative field theory generically has an intriguing UV/IR mixing due to the underlying noncommutativity, which may result in the entanglement of the large and the small scales. Thus the conventional concept of topology may not be applied in noncommutative field theory, but need some refined concepts. Although it is not obvious what is the correct understanding, we will discuss some possible origins on the perplexing result.
Noncommutative Version of ADHM Equation
Noncommutative R 4 is described by algebra generated by x µ obeying the commutation rela-
where θ µν is a nondegerate matrix of real and constant numbers. Since we are interested in noncommutative instanton backgrounds and the instanton moduli space only depends on the self-dual part θ + = 1/2(θ + * θ) [3, 6] , we restrict ourselves to the case where θ µν is self-dual and set
Note that the vector bundle over the noncommutative space A ζ is a finitely generated projective module. 4 It was pointed out in [9, 14] that for a noncommutative space there can be a projective module associated with a projection with non-constant rank (so the corresponding bundle has non-contant dimension) and the instanton module is the kind that is related to a projection operator in A ζ given by
Just as in the ordinary case, the anti-self-dual field strength F A can be calculated by the following formular
where
z σ z has no zero-modes so it is invertable [6, 9] . 4 The module E is projective if there exists another module F such that the direct sum E ⊕ F is free, i.e., E ⊕ F ∼ = A N ζ as right A ζ -module.
Explicit Calculation of Instanton Numbers
In this section, we will perform an explicit calculation on the instanton numbers from the solutions obtained by the ADHM construction in the previous section. First, we briefly do it for the k = 1, U(1) instanton solution obtained by Nekrasov and Schwarz [6] for the purpose of illuminating our calculational method. And then we will do the same calculation for the k = 2, U(1) and the k = 1, U(2) instanton solutions.
It is natural to require that the integration on a quantum, i.e. noncommutative, space, which is the trace over its Hilbert space or more precisely Dixmir trace, has to respect a symmetry
Intuitively, the quantized R 4 in the basis (4) becomes two dimensional integer lattice {(n 1 , n 2 ) ∈ Z 2 ≥0 }. Thus one can naturally think that the integration on classical R 4 should be replaced by the sum over the lattice:
This definition used in [6] to calculate the instanton number of U(1) solution indeed respects the translational symmetry as well as the rotational symmetry since the automorphism g of R 4 such as (14) can be generated by the unitary transformation acting on H. If the system preserves rotational symmetry, for example, the instanton solution with k = 1, we then expect for the case that the sum with respect to (n 1 , n 2 ) can be reduced to that with respect to N = n 1 + n 2 .
3.1 U (1) Instanton with k = 1
In the ordinary case there is no regular U(1) instanton solution. However, in the noncommutative case, there are nontrivial U(1) instantons for every k [6, 9, 11] . Suppose (B 1 , B 2 , I) is a solution to the equations (5) and (6) since one can show J = 0 for U(1) [10] . If we write the element of
For k = 1 we can first choose B 1 = B 2 = 0 by translation and we get I = √ ζ from the ADHM equation (5) . Then Eq. (16) is solved as
. As emphasized by Furuuchi [9] and Ho [14] , note that the operator ψ annihilates |0, 0 state, so the projective module is normalized as
Since the |0, 0 state is projected out from the Fock space, the inverse of δ is well-defined. In other words, if the factors ofz 1 ,z 2 in (17) are ordered to the right of δ −1 Iξ, ψ 1 and ψ 2 cause no trouble due to the commutation rules
Even in that case, the state |0, 0 is definitely annihilated although the polynomial f (δ + ζ/2) is well-defined on the full Fock space including the state |0, 0 . Now we can calculate the connection A = ψ † dψ in terms of one variable ξ
Then the corresponding field strength F A is obtained from
Even if we deal with the U(1) case we have to keep the second term in (21) because of the gauge covariance on noncommutative space. The field strength F A can be obtained from (13) or by direct calculation of (21) with attention to ordering:
Since the "origin", i.e. |0, 0 , is projected out, F A has no singularity. The topological action density is given byŜ
where we used the fact that dz 1 ∧ dz 1 ∧ dz 2 ∧ dz 2 = −4 (volume form). Note thatŜ for k = 1 depends only on x 2 is the consequence of rotational symmetry.
Since the total action for ordinary case is defined by the integration over R 4 of the action density, let us define the total action over noncommutative R 4 using the prescription (15) as
Using the facts
the instanton number for the solution (20) turns out to be −1, that is,
3.2 U (1) Instanton with k = 2
Next we will perform the same calculation for the U(1) instanton solution with k = 2. We start with the matrices satisfying the ADHM constraints (5) and (6):
where we have fixed the moduli corresponding to the relative position between two instantons for simplicity (for a general solution with the moduli dependence, see [9] ). With these data we can get the normalized solution of Eq.(11)
.
Note that the states |0, 0 and |1, 0 are annihilated by all components of ψ [9] where the projected states in general depend on the moduli entering in B 1 and B 2 , and the operator ψ in (28) is normalized as
With this solution, the field strength F A can be calculated with careful ordering from the formular (13)
The f − component has a singularity comming from Q 2 at |0, 1 state which is not projected out. However, F A is well-defined since the |0, 1 state is annihilated before it causes any trouble due to the factor z 2z1 in f − . Notice that, in the case of k = 2 instanton solution with relative separation, we can not expect the spherical symmetry, so the action will depends on another coordinate in addition to x 2 .
By straightforward calculation, the instanton number densityŜ can be explicitly calculated using the same normalization that the k = 1 casê
Then the instanton number can be numerically calculated in the SHO basis (4) (where the sum with respect to n 1 and n 2 should be separately done since the spherical symmetry is broken)
Unfortunately, this is not equal to 2. If we don't fix the moduli entering in B 1 , B 2 , the instanton number could depend on the moduli. This seems to cause an apparent trouble on the physical meaning of the number k since we have already introduced the number k (would be instanton number and hopefully an integer) to specify the ADHM data.
U (2) Instanton with k = 1
Now we will seek for U(2) solution [9] following the same steps as the U(1) case. From the ADHM equations with B 1 = B 2 = 0, one can choose I and J as follows
where ρ is a non-negative number and parameterizes the classical size of the instanton. Then, from Eq. (11), we get the following solution
where ∆ = δ + ζ. 
From the above expression we see that ψ (1) annihilates the state |0, 0 for any values of ρ, and normalized in the subspace where |0, 0 is projected out, that is, ψ (1) † ψ (1) = p. The zeromode ψ (2) annihilates no states in H and manifestly nonsingular even if ρ = 0. When ρ = 0,
, and, from (13), we see that ψ (2) does not contribute to the field strength. Therefore the structure of the U(2) instanton at ρ = 0 is completely determined by the minimal zero-mode ψ (1) in the U(1) subgroup [9] .
The gauge field A = ψ † dψ can be now explicitly calculated and the result is
If we let ζ = 0, we can get the ordinary SU(2) instanton solution
where Σ µν is the 't Hooft symbol which is both antisymmetric and self-dual with respect to their indices [15] . On the other hand, if we let ρ = 0, we get
which exactly reduces to the U(1) solution in (20) for the reason explained above. The field strength F A can be obtained from (13) or by direct calculation with the solution (36) if one keeps in mind careful ordering 5 :
One can check that this F A is anti-Hermitian (using the rule (19)) and anti-self dual (F Ā 11 +F Ā 22 = 0). By straightforward calculation, one can determine the instanton number density which also depends only on x 2 due to rotational symmetrŷ 
In the above expression, the parts except (· · ·) project out the state |0, 0 , so we explicitly inserted the projection operator p = 1 − |0, 0 0, 0| in the parts. It can be confirmed again to recover the ordinary SU(2) instanton solution in the ζ = 0 limit where B 1 = · · · = B 4 and the trace on H reduces to the integral over R 4 according to (15) , and the U(1) case for the limit ρ = 0 where only B 1 term in (40) survives.
Finally we calculate the instanton number of U (2) solution. We use the same definition (15) as that of the U(1) case. However, note that, since the part involved with B 2 3 in (40), denoted asŜ 2 , does not project out any states in H, the trace with respect to the part should be performed over the full Hilbert space (4) including the state |0, 0 , although that involved with the projection operator p in (40), denoted asŜ 1 , has to exclude the "origin", |0, 0 . Using the relations (25), the trace can be calculated (at least numerically),
Unfortunately, the instanton number from Eq.(41) on the U(2) solution does not give integer value. The U(2) instanton solution in (36) on noncommutative R 4 depends on two dimensionful parameters; one is the classical instanton size ρ 2 and the other is noncommutative scale ζ. The result is a complicated function of them and can be expanded in terms of ζ/ρ 2 or ρ 2 /ζ depending on the competition of two scales. In the limit ζ/ρ 2 → 0, we know that the instanton number for the solution (36) is exactly one, i.e. d 4 xŜ = −1. While, in the limit ρ 2 /ζ → 0, we expect that the action in (41) also has to approach to one because in the limit the U(2) solution becomes equivalent to U(1) solution. In fact, numerical calculation simply shows that
However, it seems to be implausible that Eq.(41) tamely gives the integer number for general cases and numerical culculation also supports it.
As for the possible origins of this perplexing result on the instanton number in noncommutative gauge theory, in the next section we will discuss some plausible sources on the result. For a mathematical formulation related to noncommutative instantons and the ADHM construction, see the recent work [12] .
Discussion and Comments
We explicitly calculated instanton numbers for the solutions obtained by the noncommutative version of ADHM construction. Except the cases of U(1), k = 1 and small instanton limit of U(2), k = 1, our explicit calculation from k = 2, U(1) and k = 1, U(2) ADHM data shows the perplexing result that the instanton numbers are no longer integer but rather depending on the moduli of instanton. We would like to speculate here some plausible sources of this perplexing result for future works.
Since the group SU(N) can not be closed due to space noncommutativity, their instanton solution can be well-defined only in the U(N) gauge theory. Then the second Chern character ch 2 (E) and the second Chern class c 2 (E) for a vector bundle E with its curvature two-form F [16] defined by
are different from each other for U(N) group. Note that c 2 (E) for the U(1) group identically vanishes. The second Chern class c 2 (E) for the U(2) group is given by the modified action of (40) in which (B (40) is only replaced by 2B 1 B 4 . Thus in the ζ = 0 limit it becomes the ordinary SU(2) instanton. However, in the limit ρ = 0, it vanishes. For these reasons we identified ch 2 (E) instead of c 2 (E) as the instanton number.
The noncommutative field theory is nonlocal and so has many morbid (often interesting) phenomena. As mentioned in Introduction, noncommutative field theory generically has an intriguing UV/IR mixing [13] due to the underlying noncommutativity and so there is intriguing entanglement of the large and the small scale. Therefore it implies that the conventional concept of topology may be modified in noncommutative field theory because of complicated entanglement of two scales. In particular it may cause the instanton number to be non-integer although the instanton solution itself in noncommutative gauge theory can be well-defined.
The trace (15) over H or A ζ can be tricky since it is an infinite sum and H is infinite dimensional. In particular, the trace of commutator may not vanish, just as the integral of a total derivative may not vanish, for example, in the SHO basis, ∂ µ O ∼ [z (z), O]. Nevertheless, the UV/IR singularity. Thus, one should be careful to take usual commutatative limit from noncommutative field theory, in partcular, if the topological property is involved.
In the D-brane picture, the noncommutative Yang-Mills theory can be understood as low energy effective theory on D-brane world volume under constant two-form field B N S [3] . In this picture, instantons is identified with D0-branes on D4-brane world volume theory [19] . More precisely, D0-brane charges are defined by the Chern-Simons coupling on the D4-brane world volume:
where the Chern character is defined by Ch(E) = ch 0 (E)+ch 1 (E)+ch 2 (E) = T r exp is a RR gauge field coupling to D0-branes. It is not obvious why the integral R 4 ch 2 (E) subject to the (arbitrary) backgroud B N S field has to be quantized and it is really equivalent to (42) for the instanton number. It will be interesting subject to clarify this puzzle.
In ordinary field theory, it is well-known that there is a clear connection between the instanton class and the Atiyah-Singer index for a Dirac operator [16] . In order to see what happens in the case of noncommutative field theory, it is worth while to analize the zero modes contributing to the index of massless Dirac operator on noncommutative R 4 in the instanton background [20] . Since the normalizable solutions contributing to the index contain the full information necessary to invert the ADHM data [7, 21] , it may also be helpful to understand the result in this paper. Another intriguing problem is that of the conformal invariance of noncommmutive instanton solutions. In ordinary case, the field equations for pure Yang-Mills theory have the SO(5, 1) conformal symmetry and it is indeed reflected in the instanton solutions [22] . In the case, the instanton solution can be defined on S 4 , the conformal comfactification of R 4 . Then the topological properties of instatanton configuration can be unambiguously understood via geometrical concepts. However, in noncommutative case, we expect that the instantanton solutions on noncommutative R 4 does not respect the symmetry because, in that case, there is another parameter ζ to define an intrinsic scale of space. 7 Nevertheless, if we define some generalized conformal transformation, e.g. simultaneous scaling of noncommutative parameter together, ζ → λ 2 ζ and x µ → λx µ , the extended conformal symmetry may be preserved. It is interesting to see whether, using this extended symmetry, the instanton solution can be defined on a compact manifold in some sense. Or the instanton solution defined on the fuzzy sphere S 4 can be interesting in itself in the context of noncommutative geometry. The natural mathematical structure of instanton solutions may appear with more elegant structures.
We hope mathematical investigations provide a resolution on the problem raised here and, near future, to address some problems such as the relation between noncommutative instantons and Atiyah-Singer index of Dirac operators on noncommutative R 4 and the conformal symmetry of noncommutative instanton solutions.
